Econometrics Field Exam
Department of Economics, University of California - Berkeley

August 2019

Please choose three questions to answer. Please use a separate blue book for each an-

swered question. Write your name on each blue book. Answer as completely as you are able.
Good luck!

[Q1] A dependent variable y; is generated by a linear regression equation
yi = ;50 + &,

given an observed p-dimensional regression vector x;, unobserved error term ¢;, and unknown
coefficient vector fy. The errors ¢; are assumed to be independent of x; with density function
f(e) that is assumed to be positive everywhere, uniformly bounded, and smooth (i.e., lots
of continuous derivatives), and has zero median, i.e.

Pr{e; <0} =1/2.

Given a random sample of size N from this model, consider a penalized version of the
usual LAD estimator:

p = argmin Py(6)

= argirel%} (( Z ly; — 2 b\) + —(b — 09) Ao (b — 50))

= argmin (SN<b> T 50>) ,

where Sy(b) is the usual LAD criterion function and dy is a known ”prior guess” of the
unknown 3y and A is a known, positive-definite weight matrix.

(a) Under what additional conditions (if any) will 3 be consistent for 3,7

(b) Assume that the usual ”approximate first-order condition”

\/—3 gjz(ﬁ) op(1),

where 0~ Py (b)/0b is the subgradient of Py(b). Also assume the following ”approximate
mean-value expansion” holds:

\/Naf;—]z@ _ mas+f@ + HoVN (B - Bo) + 0,(1),

where Hy is the appropriate ” Hessian” matrix for LAD regression, assumed invertible. Under
these additional restrictions, derive the form of the asymptotic distribution of £, assuming



it is consistent for fy. You need not check regularity conditions, but please make your ex-
pressions as explicit as possible (including the correct expression for Hy).
(c) Now suppose the penalized estimator 3 is defined as

~

f = argmin Qn(6)

N
. 1 / 1 /
= argmin ((N ;:1 lyi — %b|) + m(b — 00)" Ao (b — 50))

_ . 1 /
= arg min (SN(b) + m(b — 60)"Ao(b — 50)) ;

Le., the original penalty term is multiplied by v/N. Under what additional conditions (if
any) will § be consistent for 5,7
(d) Again assuming that

\/Na_%—];;(m = 0p(1),

where 0~ Qn(b)/0b is the subgradient of Qx(b), and that

\/—8 %]Z(B) \/NaSaLb(ﬁo) + HoWN(B - o) + 0,(1),

derive the form of the asymptotic distribution of B , assuming B is consistent for fy.

[Q2] Let {R;}., be a simple random sample of the 1 x 3 vector R; = (X;,Y;, Z;) .
We assume that
Yi=Zifo+ U, E[U]Xi]=0, (1)

with Z; € {0,1} binary and
Pr(Z;=1X,=12) = (zy) (2)

with @ (-) the cumulative distribution function of a standard normal. You may assume that
other “standard” regularity conditions hold as well.
Consider the following two-step estimation procedure. First, apply maximum likelihood
~ de
to the probit model (2), obtain 4 and construct Z; 24 ® (X;4) for i = 1,...,N. Second,
compute the least squares fit of Y; onto Z;:

zz 1 Z
> it Z?
This procedure is analogous two-stage least squares, with the first stage based upon the

probit instead of the linear probability model.
(a) Construct a moment function

BTS -

(3)

o= T

2



such that the corresponding method-of-moments estimate of (g, o), i.e., the solution to

i?ﬁ (RiﬁaBTs) =0,
i=1

is identical to that of the two step procedure described above.

(b) Verify that your moment function is valid, in the sense that
E W <R7 7o, 60)] = 0.
(c) Consider the alternative, infeasible, one-step estimator BOS which replaces Z: in

(3)with the true conditional probability Zy; dcéf ® (X;7) . Compare the asymptotic variances
of Brs and Bog. Provide a characterization of the efficiency loss, if any, associated with
having to estimate ~y.

(d) Now assume that (2) is no longer valid (i.e., that the probit first stage is mis-
specified such that there is no 7o such that (2) holds for all x € X). For example it might
be that

Pr(Z; =1 X; =2) = ® (a7 + 2°0) .
Is the two-step estimator consistent under misspecification of the first stage (in general)?
Explain.

(e) Consider the two-step instrumental variables estimator with ¢; (R, ) as in part

(a) above, but now

Does consistency of this estimator require both (1) and (2) or just the former or just the

latter? Explain.
(f) Consider a second instrumental variables estimator with

b2 (Ri,y, B) = (Yi — ZiB) Xi

and ¢ (R,v) as in part (a) above. Assume that V(U;| X; = z) = o2 for all x € X. Would
you (generally) expect that the estimate of Sy from part (e) to be more precisely, or less
precisely, determined than the one based on the above moment function? Explain.

[Q3] Suppose {y; : 1 <t < T} is an observed strictly stationary time series generated
by the (AR(1)) model

o0
i
Y = E e,
i=0

where ¢ € (—1,1) and &; ~ 4.i.d. N'(0, 1).
As estimators of § = ¢* € [0, 1), consider

A 52 2 Zthg Ye—1Yt
b=¢, §=t 1l
Zt:2 Y1
g — Zthg Yi—2Yt
===
Zt:S yt2—2
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and

0 = max(,0).
It can be shown that, for k € {1,2},

A
T Z Yior = B (1)

t=k+1
and

-

T
Z Y (yr — cbkyt_k) —a N (07 limp_,o Var
t=k+1

% Z Y- (Ye — ¢kyt—k)]> .

t=k+1

a) Find the limiting distribution (after appropriate centering and rescaling) of 0.
b) Find the limiting distribution of 6.

c) Find the limiting distribution of 6.

d) Rank the estimators from (a)-(c) in terms of (asymptotic) efficiency.

o~~~

[Q4] Suppose {y; : —1 <t < T} is an observed strictly stationary time series gener-
ated by the (AR(1)) model

Y = & + Opgr_1,

where 6y € (—1,1) and & ~ 2.i.d. N'(0,1).
(a) Let x; = (yt, Y1—1, Yi—2) and define the function

Wz, 0) = [ Yoortn — 0 } .

Yt—2Yt
Show that © = {6y}, where © = {6 : E[h(z¢,0)] = 0}.
Let
R 1 &
Ow = argming gr(60)'Wgr(6), gr(0) = T ; h(x,0),

where W is a symmetric, positive definite 2 x 2 matrix.
It can be shown that

T
1
ﬁ Z h(xy,00) =g N (0, limy_, o Var
=1

%Zh@;t,eg)]) |

(b) It can be shown that

ﬁ(éw — (90) —d N(O, (UIQ/V),

where w¥; is some function of ¢y and W. Verify this claim and express wg, in terms of 6, and
w.

(c) Find W*, a value of W for which w, is minimal, and express w¥. in terms of 6.
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(d) Propose a feasible estimator 8 (i.e., an estimator f that can be computed without
knowledge of ) satisfying

VT (0 = 0)) =4 N(0,w?.).



